
Chapter 3 Table of Arithmetic Functions

Arithmetic fucntion seen in Chapter 3, their values on prime powers and
their factorizations.

Arithmetic Function f f(pr)

Divisor function
d(n) =

∑
d|n

1 =
∑
ab=n

1 d(pr) = r+1 d = 1 ∗ 1

dk(n) =
∑

a1a2...ak=n

1 dk(p
r) =

(
r+k−1

k−1

)
dk = 1 ∗ 1 ∗ ... ∗ 1︸ ︷︷ ︸

k times

σ(n) =
∑
d|n
d σ(pr) =

pr+1 − 1

p− 1
σ = 1 ∗ j

σν(n) =
∑
d|n
dν ; ν ∈ C σν(p

r) =
pν(r+1) − 1

pν − 1
σν = 1 ∗ jν

Euler’s totient function
φ(n) =

∑
1≤r≤n

gcd(r,n)=1

1 φ(pr) = pr−1 (p−1)

for r ≥ 1,

φ = µ ∗ j

ω(n) =
∑
p|n

1 ω(pr) = 1

Ω (n) =
∑
pa||n

a =
∑
p|n

∑
r≥1

pr|n

1 Ω (pr) = r.

1(n) = 1 1(pr) = 1

j(n) = n j(pr) = pr

δ(n) =

{
1 if n = 1
0 otherwise

δ(pr) = 0 if r ≥ 1, δ = 1 ∗ µ

Möbius function For n = pa11 p
a2
2 ...p

ar
r

µ(n) =

{
(−1)r if ∀i, ai = 1

0 if ∃i : ai ≥ 2.
µ(pr) =

{
−1 if r = 1
0 if r ≥ 2.

1



Arithmetic Function f f(pr)

Liouville function

λ(n) = (−1)Ω(n) λ(pr) = (−1)r , λ ∗Q2 = δ

Square-full numbers

q2(n) =

{
1 if p|n⇒ p2|n,
0 otherwise.

q2(pr) =

{
1 if r ≥ 2,
0 if r = 1.

Square-free numbers

Q2(n) =

{
0 if ∃p : p2|n,
1 otherwise.

Q2(pr) =

{
1 if r = 1,
0 if r ≥ 2.

Q2(n) = |µ(n)|
= µ2(n)

µ2(n) =

{
µ(m) if n = m2,
0 otherwise.

µ2(pr) =

{
−1 if r = 2,
0 otherwise.

µ2 = µ ∗Q2

so Q2 = 1 ∗ µ2

k-full numbers

qk(n) =

{
1 if p|n⇒ pk|n
0 otherwise

qk(p
r) =

{
1 if r ≥ k
0 if r ≤ k − 1.

k-free numbers

Qk(n) =

{
0 if ∃p : pk|n,
1 otherwise.

Qk(p
r) =

{
1 if r ≤ k − 1,
0 if r ≥ k.

µk(n) =

{
µ (m) if n = mk,
0 otherwise.

µk(p
r) =

{
−1 if r = k,
0 otherwise.

µk = µ ∗Qk,
so Qk = 1 ∗ µk.

2ω(n) 2ω(pr) = 2

{
1 ∗ 1 ∗ µ2

1 ∗Q2

2Ω(n) 2Ω(pr) = 2r

sq(n) =

{
1 if n = m2,
0 otherwise.

sq(pr) =

{
1 if 2|r,
0 otherwise.

sq = 1 ∗ λ
sq ∗ µ2 = δ

g(n) = d(n2) g(pr) = d(p2r) = 2r+1


1 ∗ 1 ∗ 1 ∗ µ2

1 ∗ 1 ∗Q2

1 ∗ 2ω

d2(n) d2(pr) = (r+1)2


1 ∗ 1 ∗ 1 ∗ 1 ∗ µ2

1 ∗ 1 ∗ 1 ∗Q2

1 ∗ 1 ∗ 2ω

1 ∗ g

2



Arithmetic Function f Dirichlet Series Df (s)

Divisor function
d(n) =

∑
d|n

1 =
∑
ab=n

1 ζ2(s)

dk(n) =
∑

a1a2...ak=n

1 ζk(s)

σ(n) =
∑
d|n
d ζ(s) ζ(s−1) for Re s > 2

σν(n) =
∑
d|n
dν ; ν ∈ C ζ(s) ζ(s−ν) for Re (s− ν) > 1

Euler’s totient function
φ(n) =

∑
1≤r≤n

gcd(r,n)=1

1
ζ(s−1)
ζ(s)

1(n) = 1 ζ(s)

j(n) = n ζ(s−1)

δ(n) =

{
1 if n = 1
0 otherwise

1

Möbius function

µ(n) = (−1)ω(n)
1
ζ(s)
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Arithmetic Function f Dirichlet Series Df (s)

Liouville function

λ(n) = (−1)Ω(n)

ζ(2s)
ζ(s)

Square-full numbers

q2(n) =

{
1 if p|n⇒ p2|n,
0 otherwise.

ζ(2s)ζ(3s)
ζ(6s)

Square-free numbers

Q2(n) =

{
0 if ∃p : p2|n,
1 otherwise.

ζ(s)
ζ(2s)

µ2(n) =

{
µ (m) if n = m2,
0 otherwise.

1
ζ(2s) for Re s > 1/2.

k-free numbers

Qk(n) =

{
0 if ∃p : pk|n,
1 otherwise.

ζ(s)
ζ(ks) for Re s > 1/k

µk(n) =

{
µ(m) if n = mk,
0 otherwise.

1
ζ(ks) for Re s > 1/k

2ω(n)
ζ2(s)
ζ(2s)

sq(n) =

{
1 if n = m2,
0 otherwise.

ζ(2s)

g(n) = d(n2)
ζ3(s)
ζ(2s)

d2(n)
ζ4(s)
ζ(2s)
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